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Abstract
A generating function is derived that counts the number of diagrams in an arbi-
trary scalar field theory. The number of graphs containing any number nj of j-point
vertices is given. The count is also used to obtain the number of classical graphs in
gauge theory and gravity.
A count of scalar field theory graphs in a an arbitrary scalar Lagrangian is exactly
given. The count also produces the relevant number of tree graphs in gauge theory
and general relativity. Some well known work in this direction is contained in the
articles [1].
The count is produced by coupling a scalar field theory to an auxiliary field that
couples vertices together through the internal lines of the tree diagrams. The number
of m-point vertices is deduced by keeping track of the coupling constant of the scalar
and auxiliary field interaction.
The initial Lagrangian is,
L =
1
2
ξ2 +
M∑
j=3
j−1∑
a=1
λjξ
aφj−a
1
a!(j − a)!
, (1)
with the interactions φnξm. The λj couplings enter the graphs, with external φ lines
and internal ξ lines. Integrating out the auxiliary ξ field produces all of these classical
contributions.
The final Lagrangian is a function L(φ, λj); expanding it in terms of the scalar
field and the couplings λj generates
Lf =
∑
an,{nj}φ
n
∞∏
j=1
λ
nj
j , (2)
and the number nj tells how many j-point vertices there are in the diagram with n
external lines. An n-point graph with
∑
nj vertices has the multiplicity of an,{nj}n!;
this number is derived by integrating out the ξ field and expanding the expression in
φ and the vertex couplings.
The equations of motion of ξ after a shift of ξ → ξ − φ/2 is,
0 = ξ − φ/2 +
M∑
j=3
λj
(j − 1)!
(
(ξ + φ/2)j−1 − (ξ − φ/2)j−1
)
. (3)
In the limit of large vertex number M , i.e. M → ∞, and when the couplings are
identified λj = λ, the form in (3) is,
0 = ξ − φ/2 + λ
(
−ξ − φ/2 + ξ − φ/2
)
+ λ
(
eξ+φ/2 − eξ−φ/2
)
, (4)
2
phi
xi
Figure 1: Example diagram with internal auxiliary field ξ and external scalar φ fields.
or,
0 = ξ + (−1/2− λ)φ+ 2λeξ sinh(φ/2) . (5)
Shifting back ξ → ξ + φ/2 generates,
0 = ξ − λφ+ 2λeξeφ/2 sinh(φ/2) . (6)
This is transcendental equation in ξ which has a formal power seriers solution.
The solution to (6) is obtained with the use of the Lambert solution. As only
the perturbative solution in ξ is required the branch cuts are ignored. Label the
parameters as,
a = 1 b = 2λeφ/2 sinh(φ/2) c = 1 d = −λφ . (7)
The general solution to this equation is,
ξ = −
1
ac
(aWL(
cb
a
ecd/a) + cd) , (8)
which in the case of interest in (6) is,
3
ξ = −WL(bed) + d . (9)
The Lambert function WL(x) has the power series expansion of
W (x) =
∞∑
n=1
(−1)n−1
nn−2
(n− 1)!
xn , (10)
and leads to the form,
ξ = d−
∞∑
n=1
(−1)n−1
nn−2
(n− 1)!
bnend (11)
ξ = −λφ−
∞∑
n=1
(−1)n−1
nn−2
(n− 1)!
2nλn sinhn(φ/2)enφ(1/2−λ) . (12)
The solution to ξ is used to resubstitute into the initial Lagrangian to obtain the
power series expansion in φ and λ.
The expansion in φ and λ is
L =
∑
an,mφ
nλm , (13)
and counts the diagrams with multiple vertices at n−2-point. The count of diagrams
can be obtained with any arbitrary vertex configuration, i.e. any numbers nj , with
the λ coupling only; that is, this is simpler than retaining all of the λj couplings. An
n-point diagram with only 3-point vertices has n3 = n − 2 and the n-point diagram
with only a 3-point and n−2 vertex has n3 = nn−2 = 1. These are the vertex bounds
without external ξ fields. Define m =
∑
nj as the sum of all of the nj vertices; then
an,m counts the diagrams for m at n point. A normalization factor of n! is required
to compensate for the symmetry factor in the final scalar Lagrangian.
As an example, integrating out the auxiliary field that contributes to four-point
diagrams gives,
1
2
ξ2 +
1
2
ξφ2 → −
1
23
φ4 . (14)
The symmetry factor of 3 comes from the three diagrams that contribute, those in
the s, u, and t channels. Thus, 4! times 2−3 equals 3, and this is how many diagrams
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there are at four-point which stem from the three-point vertices. The more general
case is examined with the use of solving the transcendental equation and re-inserting
the solution into the Lagrangian in (1).
The series expansion complicated by the multiple sums involved. A Taylor series
expansion is used to extract the appropriate n and m.
L
(1)
f =
1
2
(
λφ+
∞∑
n=1
(−1)n−1
nn−2
(n− 1)!
2nλn sinhn(φ/2)enφ(1/2−λ)
)2
(15)
L
(2)
f = λ
∞∑
j=3
j−1∑
a=1
(−1)aφj−a
1
a!(j − a)!
a∑
b=0
a!
b!(a− b)!
λb−aφb−a (16)
×
( ∞∑
n=1
(−1)n−1
nn−2
(n− 1)!
2nλn sinhn(φ/2)enφ(1/2−λ)
)b
(17)
The counting numbers an,m are then derived from
an,m =
1
n!m!
∂nφ∂
m
λ
(
L
(1)
f + L
(2)
f
)
. (18)
These derivatives are straightforward to find, but tedious.
The ∂nφ derivatives distribute in the manner, with n = α1 +
∑α2 βi,
Hα1,α2;pi;βi = ∂α1φ φ
b+j−2a
α2∏
i=1
∂βiφ
(
sinhpi(φ/2)epiφ(1/2−λ)
)
(19)
=
(b+ j − 2a)!
(b+ j − 2a− α1)!
δb+j−2a,α1 ×
α2∏
i=1
2−pi
pi∑
q=0
pi!
q!(pi − q)!
(−1)pi−q(q − piλ)
βi , (20)
with the bth power of the sum in the parenthesis changing to b−α2 and a factor present
of b!/(b− α2)!. All possible combinations are required, including the α2 factors from
the sums of the object in the parenthesis. This results, after evaluating the expression
at φ = 0, in
λ
∞∑
j=3
j−1∑
a=1
(−1)a
1
a!(j − a)!
a∑
b=0
a!
b!(a− b)!
λb−a (21)
5
×n=α1+
∑
βi∑
α1,α2;βi
δb,α2
b!
(b− α2)!
∑
p˜=p1+...+pα2 ;pi
(−1)p˜+α2λp˜
α2∏
i=1
ppi−2i
(pi − 1)!
(22)
×Hα1,α2;pi;βi (23)
The sums include n = α1 +
∑α2 βi, and α2 ranging from 1 to n. The βi must each be
at least 1. There appear to be indefinite sums on the pi due to the nested sums in
the parenthesis of (17).
The coupling derivatives act as
∂mλ λ
b−a+p˜
α2∏
i=1
(q − pλ)βi (24)
=
m∑
r=0
(b− a + p˜)!
(b− a+ p˜− r)!
δb−a+p˜,m
∑
γi
α2∏
i=1
βi!
(βi − γi)!
qβi−γi(−p)γi |∑ γi=b−a+p˜−r . (25)
These derivatives are taken on the couplings in (23), and the factors must be placed
together. The two results, in (23) and (25), generate the expression for am,n after
dividing by m!n!.
The total contribution to an,m from L2 is the complicated expression,
λ
∞∑
j=3
j−1∑
a=1
(−1)a
1
a!(j − a)!
a!
α2!(a− α2)!
(26)
×
n=α1+
∑
βi∑
α1,α2;βi
∑
p˜=m+a−α2;pi
(−1)p˜+α2
α2∏
i=1
ppi−2i
(pi − 1)!
(27)
(α2 + j − 2a)!
(α2 + j − 2a− α1)!
δα2+j−2a,α1 ×
α2∏
i=1
2−pi
pi∑
q=0
pi!
q!(pi − q)!
(−1)pi−q (28)
m∑
r=0
m!
(m− r)!
∑
γi
α2∏
i=1
βi!
(βi − γi)!
qβi−γi(−p)γi |∑ γi=b−a+p˜−r . (29)
The contribution from L1 is similar and can be determined from the same operations.
α1 and α2 are defined as before. The sums also could be simplified more, and the
large n expansion generates the known exponential dependence.
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These combinatorical factors can also be used to find the multiplicity of gauge and
gravity diagrams. In Gervais-Neveu guage, the 3-point and 4-point vertices of a non-
abelian gauge theory contain 6 and 12 terms in a diagram without color ordering. The
individual scalar field contributions with n3 and n4 vertices (3 and 4-point) expand
into an additional 3n34n4 combinations; the propagator contains only a single ηµν and
does not cause further multiplicity.
Closed form expressions for graph multiplicities in quantum field theory are given.
The count pertains to scalar field theory with any number and type of vertices. The
number of diagrams an,m counts the classical field diagrams at n-point containing∑
vi = m vertices, with i being the number of lines at each vertex. The count is
useful for determining the naive complexity of tree graph calculations in quantum field
theory. Also, the count is useful in determining Ka¨hler potentials in toric varieties,
which requires the number of tree graphs at zero momentum in order to determine
the D-terms.
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